Abstract. We prove that if X is a Polish space and F is a face of P (X) with the Baire property, then F is either a meager or a co-meager subset of P (X). As a consequence we show that for every abelian Polish group X and every analytic Haar-null set A ⊆ X, the set of test measures T (A) of A is either meager or co-meager. We characterize the non-locally-compact groups as the ones for which there exists a closed Haar-null set F ⊆ X with T (F ) is meager. Moreover, we answer negatively a question of J. Mycielski by showing that for every non-locally-compact abelian Polish group and every σ-compact subgroup G of X there exists a G-invariant Fσ subset of X which is neither prevalent nor Haar-null.
Introduction and auxiliary lemmas
A universally measurable subset A of an abelian Polish group X is called Haarnull if there exists a probability measure µ on X, called a test measure of A, such that µ(x+ A) = 0 for every x ∈ X. This definition is due to J. P. R. Christensen [C] and extends the notion of a Haar-measure zero set. The same class of sets has been also considered independently by B. R. Hunt, T. Sauer and J. A. Yorke in [HSY] . They used the term shy instead of Haar-null. The complements of Haar-null sets are called prevalent. In Christensen's paper [C] a number of important properties of Haar-null sets were established. In particular, he showed that the class of Haarnull sets is a σ-ideal, which in the case of non-locally-compact groups contains all compact sets. On the other hand, he proved that if X is locally-compact, then Haar-null sets are precisely the Haar-measure zero sets and so his definition is indeed a generalization. There are, however, a number of properties of Haar-null sets which differentiate the locally from the non-locally compact case (see [BL] and the references therein). An important example is the countable chain condition, which is not satisfied if X is non-locally-compact (this is due to R. Dougherty for a large class of abelian groups [Dou] and to S. Solecki in general [S1] ).
Note that the test measure of a Haar-null set is not unique. Our motivation for this paper was to investigate the structure of the set of test measures T (A) of a Haar-null set A. One natural question is about its size. Our first result states that there are only two extreme possibilities.
Theorem A. Let X be an abelian Polish group. Then for every analytic Haar-null set A ⊆ X, the set T (A) = {µ ∈ P (X) : µ(x + A) = 0 for every x ∈ X} is either a meager or a co-meager subset of P (X).
Actually, Theorem A is a consequence of a general property shared by the faces of P (X). Specifically, we prove the following zero-one law.
Theorem B. Let X be a Polish space and F a face of P (X) with the Baire property. Then F is either a meager or a co-meager subset of P (X).
The crucial point in the proof of Theorem B is the fact that convex averaging is open in P (X).
Theorem A justifies the following definition. An analytic Haar-null set A is called strongly Haar-null if T (A) is co-meager. Otherwise it is called weakly Haar-null. In every abelian Polish group there exist strongly and weakly Haar-null sets. However the existence of a closed weakly Haar-null set characterizes the non-locally-compact groups.
Theorem C. Let X be an abelian Polish group. Then X is non-locally-compact if and only if it contains a closed weakly Haar-null set.
The proof of the above theorem is descriptive set-theoretic and uses the results of S. Solecki in [S2] .
We also deal with a problem of J. Mycielski. He asked in [My] the following. If X is a non-locally-compact abelian Polish group, G a countable dense subgroup of X and A ⊆ X is a G-invariant universally measurable set, then is it true that A is either prevalent or Haar-null? The problem was answered negatively by R. Dougherty in R N (see [Dou] ). Using a result of E. Matoušková and M. Zelený we show that for every non-locally-compact abelian Polish group X and every σ-compact subgroup G of X, there exists a G-invariant F σ subset of X which is neither prevalent nor Haar-null. Finally, a measure-theoretic analogue of Theorem A is given on the last section. It is based on the fact that T (A) is invariant under the group of homeomorphisms µ → µ * δ x , where x ∈ X.
Notation. In what follows X will be a Polish space (additional assumptions will be stated explicitly). By d we denote a compatible complete metric of X. If x ∈ X and r > 0, then by B(x, r) we denote the set {y ∈ X : d(x, y) < r}. By P (X) we denote the space of all Borel probability measures on X, while by M + (X) the space of all positive finite Borel measures. Then both P (X) and M + (X) equipped with the weak topology become Polish spaces (see, for instance, [Pa] ). If d is a compatible complete metric of X, then a compatible complete metric of P (X) is the so-called Lévy metric ̺, defined by
where A δ = {x ∈ X : d(x, A) ≤ δ}. All balls in P (X) are taken with respect to the Lévy metric ρ. That is, if µ ∈ P (X) and r > 0, then by B(µ, r) we denote the set {ν ∈ P (X) : ρ(µ, ν) < r} (from the context it will be clear whether we refer to a ball in P (X) or in X). Finally, for every µ ∈ P (X), by suppµ we denote the support of the measure µ. All the other pieces of notation we use are standard (for more information we refer to [Ke] ).
Faces of P (X)
Through this section X will be a Polish space. As usual, we say that F ⊆ P (X) is a face of P (X) if F is an extreme convex subset of P (X). For every t ∈ (0, 1) consider the function T t : P (X) × P (X) → P (X), defined by
Clearly every T t is continuous. The following lemma provides an estimate for their range.
Lemma 1. Let r > 0 and m, µ ∈ P (X) be such that ρ(m, µ) < r. Let also t ∈ (0, 1). Then for every ν ∈ P (X) we have that ρ T t (ν, m), µ) ≤ t + r.
Proof. Let A ⊆ X Borel. Then note that
Similarly, we have
By the above inequalities we get that ρ(tν + (1 − t)m, µ) ≤ t + r.
The crucial property of T t is that they are open. This result is due to L. Q. Eifler [E1] . For the sake of completeness we include a proof. Proof. Let us introduce some notation. given µ, ν ∈ M + (X) we write ν ≤ µ if ν(A) ≤ µ(A) for every A ⊆ X Borel (note that ν ≤ µ implies that ν ≪ µ). Moreover, for every µ ∈ M + (X) and f ∈ C b (X) by f µ we denote the measure defined by f µ(A) = a f (x)dµ(x).
for every x ∈ X and every k.
It is enough to show that for every sequence (w n ) in P (X) with w n → w, there exists a subsequence (w n k ) of (w n ) and sequences
So let (w n ) be one. As tµ ≤ w, by the above claim, there exist a sequence (m k ) in M + (X) and a subsequence (w n k ) of (w n ) such that m k → tµ and
By passing to further subsequences if necessary, we may assume that the sequence (t k ) is monotone. Without loss of generality suppose that t k ↑ t (the case t k ↓ t is similar). Set m
Then µ k ∈ P (X). As µ k → µ and ν k → ν the proof is completed.
Remark 1. Note that the above proof is valid for all metrizable spaces, as long as we restrict ourselves to Radon probability measures. In this direction the more general result is contained in [E2] .
Finally, we need the following elementary property of continuous, open functions.
We are ready to give our main result of this section.
Theorem 4. Let X be a Polish space and F a face of P (X) with the Baire property. Then F is either a meager or a co-meager subset of P (X).
Proof. Assume that F is not meager. We will show that in this case F is actually co-meager and this will finish the proof. As F is not meager, there exist µ ∈ P (X) and λ > 0 such that F is co-meager in B(µ, λ). Pick a, r > 0 small enough such that a + r < λ/2. Set Z = P (X) × B(µ, r) and Y = B(µ, λ). Consider the restriction of T a on Z. Denote the restriction by f . Clearly f remains open and continuous. By Lemma 1 we have that
Set G = F ∩ B(µ, r) (note that G is co-meager in (B(µ, r)). As F is an extreme convex subset of P (X), for every ν ∈ P (X) and every m ∈ B(µ, r) we have that T a (ν, m) ∈ F if and only if ν, m ∈ F . It follows that
whence F must be co-meager and the proof is completed.
The test measures of an analytic Haar-null set
Let X be an abelian Polish group (locally or non-locally compact). For every universally measurable set A ⊆ X we put
Namely T (A) is the set of test measures of A. We have the following estimate for the complexity of T (A) (see [D] , Lemma 4).
Lemma 5. If A ⊆ X is analytic, then T (A) is a co-analytic subset of P (X).
Note the for every universally measurable set A, the set T (A) is a face of P (X). Hence by Theorem 4 and Lemma 5, we get the following topological dichotomy for the set of test measures of an analytic Haar-null set.
Corollary 6. Let X be an abelian Polish group. Then for every analytic Haar-null set A ⊆ X, the set T (A) is either a meager or a co-meager subset of P (X).
The following definition is motivated by Corollary 6.
Definition 7. An analytic Haar-null set A ⊆ X is called strongly Haar-null if T (A) is co-meager. Otherwise, it is called weakly Haar-null.
Under the terminology of the above definition, Corollary 6 states that every analytic weakly Haar-null set is necessarily tested by meager many measures. We should point out, however, that even if T (A) may be small (in the topological sense), it is always dense in P (X). Indeed, as has been indicated by Christensen (see [C] ), for every x ∈ X and r > 0 there exists an µ ∈ T (A) such that ρ(µ, δ x ) < r. But the set of convex combinations of Dirac measures is dense in P (X). So, using the properties of the Lévy metric, we can easily verify the density of T (A).
As has been shown in [D] , every analytic and non-meager Haar-null set is necessarily weakly Haar-null (and so strongly Haar-null sets are necessarily meager). On the other hand, we have the following proposition (for a proof see [D] , Proposition 5).
Proposition 8. Let X be an abelian Polish group and A ⊆ X a σ-compact Haarnull set. Then A is strongly Haar-null.
By the above proposition, it follows that in locally-compact groups closed Haarnull sets are strongly Haar-null.
The situation in non-locally-compact groups is quite different. In particular, we will show that in every non-locally-compact abelian Polish group X, there exists a closed weakly Haar-null set F ⊆ X. To this end we mention that the collection F (X) of all closed subsets of X equipped with the Effros-Borel structure is a standard Borel space (see [Ke] , page 75). Denote by H the collection of all closed Haar-null sets and by H s the collection of all closed strongly Haar-null sets. Clearly H ⊇ H s . We claim that the inclusion is strict. Indeed, observe that, as noted by Solecki in [S2] (page 211), the set [Ke] , page 244). But, as has been proved by Solecki, H is Σ 1 -hard sets see [Ke] or [S2] ). So the inclusion is strict.
Summarizing, we get the following corollary which provides another characterization of non-locally-compact abelian Polish groups via properties of Haar-null sets.
Corollary 9. Let X be an abelian Polish group. Then X is non-locally-compact if and only if there exists a closed weakly Haar-null set F ⊆ X.
Remark 2. Clearly the crucial property of T (A) we have used in order to prove Corollary 6, is that T (A) has the Baire property. If A ⊆ X is co-analytic, then we can easily verify that T (A) is Π 
Sets invariant under K σ subgroups
In [MZ] , E. Matoušková and M. Zelený (using methods introduced by S. Solecki in [S1]) proved the following.
Theorem 10. Let X be a non-locally-compact abelian Polish group. Then there exist closed non-Haar-null sets A, B ⊆ X such that the set (x + A) ∩ B is compact for every x ∈ X.
In what follows, by A and B we denote the sets obtained from Theorem 10. We will use the following notation. For any set S ⊆ X we put
We have the following fact.
Proof. First observe that I(K) is closed. Indeed, note that I(K) = (K + A) ∩ B. Then, as K is compact and A is closed, we get that K + A is closed, whence so is
So it is enough to show that I(K) is totally bounded. We will need certain facts from the construction of A and B made in [MZ] . By d we denote a compatible complete translation invariant metric of X.
Fix S = (s n ) a dense countable subset of X and (Q k ) an increasing sequence of finite subsets of X such that k Q k is dense in X. Fix also sequences (ε m ) and (δ m ) or real numbers such that i>m ε i < δ m /2 and that for every m the satisfy the following fact proved in [MZ] : For any finite sets F 1 and F 2 , there exists g ∈ B(0, ε) (P ) ∀n and ∀i, j with i, j ≥ n we have dist(s n + g
Let r > 0 arbitrary. Pick m such that δ m < r. From the compactness of K, pick l and (s ni )
If x ∈ X and s n ∈ S with d(s n , x) < δ m /2, then, as shown in [MZ] , from property (P ) we have
It follows that
So the set I(K) can be covered by finitely many balls of radii 2δ m < 2r. As r was arbitrary, we get that I(K) is totally bounded and the proof is completed. Proof. Put G = n K n , where each K n is compact. Let A and B be as in Theorem 10. Define
Note that for every n the sets K n + A and K n + B are closed. Also observe that C 1 = n K n + A and C 2 = n K n + B. So C 1 and C 2 are F σ . In addition, from the fact that G is a subgroup of X, we get that both C 1 and C 2 are G-invariant.
As any possible translate of a non-Haar-null set is non-Haar-null, we have that C 1 and C 2 are non-Haar-null. We claim that at least one of them is not prevalent. Indeed, suppose that both C 1 and C 2 were prevalent. So C 1 ∩C 2 would be prevalent too. But observe that
Clearly the set K n − K m is compact. By Lemma 11, the set I(K n − K m ) is compact too, whence so is the set K m + I(K n − K m ). But in non-locally-compact groups, compact sets are Haar-null. It follows that C 1 ∩ C 2 is Haar-null and we derive a contradiction. Hence at least one of them is not prevalent, as claimed.
Remark 3. Note that if G is countable, then the proof of Proposition 12 is considerably simpler (in particular, Lemma 11 is completely superfluous). However, Proposition 12 shows that invariance under bigger subgroups is not sufficient to establish the desired dichotomy. For instance, if X is a separable Banach space and (X n ) an increasing sequence of finite-dimensional subspaces with n X n dense in X, then we may let G = n X n and still provide a counterexample for the dichotomy.
5. On the measure-theoretic structure of T (A) By Lemma 5, for every A ⊆ X analytic, the set T (A) is a universally measurable subset of P (X). So it is natural to wonder about the measure-theoretic structure of T (A). If X is locally-compact, then it is easy to see that there exists an M ∈ P (P (X)) (namely M is a measure on measures) such that M (T (A)) = 1 for every A ⊆ X universally measurable. Indeed, let h be the Haar measure and H be the subset of P (X) consisting of all probability measures µ absolutely continuous with respect to h. So if M ∈ P (P (X)) is any measure on measures supported in H, then M (T (A)) = 1 for every universally measurable Haar-null set A ⊆ X.
In the non-locally-compact case the situation is different. As M. B. Stinchcombe observe in [St] , for every M ∈ P (P (X)) there exists a σ-compact set K ⊆ X such that M ({µ : µ(K) = 0}) = 0. Hence for every M ∈ P (P (X)) there exists a Haarnull set K ⊆ X for which M (T (A)) = 0. Nevertheless, we will show that in the non-locally-compact case there exists a measure-theoretic analogue of Corollary 6. So in what follows we will assume that X is non-locally-compact. As before, d is a translation invariant metric of X.
Let us introduce some notation. For every x ∈ X and every µ ∈ P (X) define the probability measure µ x by µ x (A) = µ(A − x) for every Borel set A ⊆ X. That is µ x = µ * δ x (note that suppµ x = x + suppµ). So every x ∈ X gives rise to the function g x : P (X) → P (X) defined by g x (µ) = µ x . Observe that the family (g x ) x∈X is an uncountable group of homeomorphisms of P (X) (actually, G is a group of isometries of (P (X), ρ)). Also note that for every A ⊆ X universally measurable, the set T (A) is G-invariant.
Lemma 13. Let µ ∈ P (X) be such that suppµ is compact. Then the orbit Gµ of µ is uncountable.
Proof. Assume, on the contrary, that Gµ is countable. Write Gµ = (ν i ) and for every i let
It is easy to verify that every C i is closed. As X = i C i by the Baire category Theorem there exists a k such that Int(C k ) = ∅. So there exist z ∈ X and r > 0 such that µ x = µ y = ν k for every x, y ∈ B(z, r). But this implies that x + suppµ = y + suppµ for every x, y ∈ B(z, r) and so
which is impossible as suppµ is compact and X is non-locally-compact.
If µ is any probability measure, then the orbit Gµ of µ is Borel. To see this, observe that the group X acts continuously on P (X) under the action x · µ = δ x * µ and that this action is precisely the action of G. It follows by a result of Miller (see [Ke] or [Mi] ) that the orbit Gµ of µ is Borel. Note, however, that if µ is a Dirac measure, then its orbit is the set of all Dirac measures. But, as is well-known, this is a closed subset of P (X). This fact is generalized in the following proposition.
Proposition 14. Let µ ∈ P (X) be such that suppµ is compact. Then the orbit Gµ of µ is closed.
To prove Proposition 14 we will need a certain consequence of the classical Ramsey Theorem [Ra] for doubletons of N. As is common in Ramsey Theory, for every I ⊆ N by [I] 2 we denote the collection of all doubletons (i, j) such that i, j ∈ I and i < j.
Lemma 15. Let r > 0 and (x n ) be a sequence such that d(x n , x m ) ≥ r for every n = m. Then for every K ⊆ X compact, there exists a subsequence (y n ) of (x n ) such that B(y i − y j , r/8) ∩ K = ∅ for every i, j with i < j.
We claim that the [M ] 2 ⊆ A. Indeed, assume on the contrary that [M ] 2 ⊆ B.
So for every n ∈ M ′ there exists w n ∈ K such that d(x m − x n , w n ) < r/8. As K is compact, pick a (z l ) k l=1 a finite r/8-net of K. By cardinality arguments, we get that there exist an infinite set I ⊆ M ′ and an l ∈ {1, ..., k} such that d(w i , z l ) < r/8
for every i ∈ I. Hence d(w i , w j ) < r/4 for every i, j ∈ I. But if i, j ∈ I with i = j, then we have
Now let (m n ) be the increasing enumeration of M and set y n = x mn for every n. Clearly (y n ) is the desired sequence.
We continue with the proof of Proposition 14
Proof of Proposition 14. First of all observe that we may assume that 0 ∈ suppµ. indeed, if y ∈ suppµ, then set ν = µ −y and observe that 0 ∈ suppν and that Gν = Gµ. So in what follows we will assume that 0 ∈ suppµ.
Let (x n ) in X and ν ∈ P (X) be such that g xn (µ) = µ xn → ν. Note that it suffices to prove that there exist x ∈ X and a subsequence (x n k ) of (x n ) such that x n k → x. Indeed, in this case observe that
On the other hand, as (µ xn k ) is a subsequence of (µ xn ) we still have that µ xn k → ν. This implies that ν = µ x as desired.
Assume, towards a contradiction, that the sequence (x n ) does not contain any convergent subsequence. So there exist an r > 0 and a subsequence (x n k ) of (x n ) such that d(x ni , x nj ) ≥ r for every i = j.
Applying Lemma 15 to the sequence (x n k ) for K = suppµ, we get a subsequence (y n ) of (x n k ) (and so of (x n )) such that for every i, j with j > i B(y i − y j , r/8) ∩ suppµ = ∅.
The subsequence (µ yn ) of (µ xn ), determined by (y n ), still converges to ν. From the properties of (y n ) we have that if n > i, then Proof. Pick any compactly supported probability measure µ ∈ T (A). By Lemma 13 and Proposition 14, the orbit Gµ of µ is an uncountable closed subset of P (X). So if M is any continuous measure on measures supported in Gµ, then M (T (A)) = 1. Finally, observe that if B ⊆ X is any other analytic Haar-null set, then as T (B) is G-invariant either Gµ ⊆ T (B) or Gµ ∩ T (B) = ∅. This clearly establishes property (ii).
